QUASIDERIVATIVE METHOD FOR DERIVATIVE 
ESTIMATES OF SOLUTIONS TO DEGENERATE ELLIPTIC 

EQUATIONS 
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Abstract. We introduce the concept of quasiderivative and give an 
example constructed by random time change, Girsanov's Theorem and 
Levy's Theorem. As an application, we investigate the smoothness and 
estimate the derivatives up to second order for probabilistic solutions to 
Dirichlet problems for linear degenerate elliptic partial differential equa- 
tions of second order, under the assumption of non-degeneracy with re- 
spect to the normal to the boundary and an interior condition to control 
the moments of quasiderivatives, which is weaker than non-degeneracy. 
The probabilistic solution is the unique solution to the associated Dirich- 
let problem. 
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1. Introduction and Background 

We consider the Dirichlet problem for the linear degenerate elliptic partial 
differential equation of second order 



(1.1) 



Lu(x) — c(x)u(x) + f(x) 



in D 

g on 3D, 



where Lu(x) := a lJ (x)u x i x j(x)+b l (x)u x i(x), with a = (l/2)cr<7*, and summa- 
tion convention is understood. The probabilistic solution of (jl.ip is known 

as 



(1.2) 



u(x) = E 



g{x T {x))e-^+ / f(x t (x))e 
Jo 



'dt 



with 



c(x s (x))ds. 



where xt(x) is the solution to the ltd equation 



(1.3) 



x t = x + 



/ <j{x s )d 
Jo 



w s + / b(x s )ds 
o 



and r = td(x) is the first exit time of xt(x) from D. 

If we know a priori that u £ C 2 (D) n C(D) and u solves (jl.ip . then u 
satisfies (|1.2p via Ito's formula, which implies the uniqueness of the solution 
of (jl.ip provided the uniqueness of the solution of f| 1 . 3 [) . However, in gen- 
eral, u defined by (|1.2j) doesn't necessarily have first and second derivatives 

l 
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in L, especially when a is degenerate, and the differential equation is un- 
derstood in a generalized sense. We are interested in understanding under 
what conditions u defined by (jl.2h is twice differentiable and does satisfy 

m- 

The accumulation of the research on existence, uniqueness and regularity 
of degenerate elliptic or parabolic partial differential equations has become 
vast. See, for example, Hormander [2], Kohn-Nirenberg [3] and Oleinik- 
Radkevich [13] . in which analysis techniques for PDEs are used. For prob- 
abilistic approaches, we refer to Freidlin [I] and Stroock-Varadhan [14], to 
name a few. 

Our approach, quasiderivative method, is also probabilistic. The con- 
cept of quasiderivative was first introduced by N. V. Krylov in [6] (1988), in 
which this probabilistic technique is applied to find weaker and more flexible 
conditions on a, b and c such that u in (jl.2p is twice continuously differen- 
tiable in manifolds without boundary. Since then, this technique has been 
applied to investigate the interior smoothness of solutions of various elliptic 
and parabolic partial differential equations. The first derivatives of various 
linear elliptic and parabolic PDEs have been estimated under various con- 
ditions in Krylov [§] (1992), [9] (1993) and p] (2004), where each case was 
treated by its particular choice of quasiderivatives. In Krylov [12] (2004), a 
unified method is presented, also based on quasiderivatives, while a and b 
are assumed to be constant. As far as the applications to nonlinear equa- 
tions, for example, in Krylov [7] (1989), derivative estimates are obtained 
when controlled diffusion processes and consequently fully nonlinear elliptic 
equations are considered. 

Compared to the operators considered in [6], El El fill [12] , the differential 
equation in this article is more general. L in (jl.ip is the general linear elliptic 
differential operator, and c and / are non-trivial. Also, we estimate the 
derivatives up to the second order, not just the first order. More presicely, 
our main target is investigating first derivatives of u if we only assume 
f,g € C 0,1 (D), as well as the second derivatives therein when assuming 
/, g G C 1 ' (D). Note that, in these cases, one cannot assert that the first 
and second derivatives of u are bounded up to the boundary (for example, see 
Remark 1.0.2 and Example 4.2.1 in [H]). One can only expect to prove that 
inside D the derivatives of u exist. We show that under our assumptions, 
the first and second derivatives of u in (|l,2p exist almost everywhere in D, 
which implies the existence and uniqueness for degenerate boundary value 
problem (|l.ip in our setting. We also obtain first and second derivative 
estimates. 

This article is organized as follows: In Section 2, we review the concept of 
quasiderivative and give an example of it. In Section 3, we take this approach 
to show the existence of, and then estimate, the first and second derivatives 
of u in (jl.2p . under the assumption of the non-degeneracy of a with respect 
to the normal to the boundary and an interior condition to control the 
moments of quasiderivatives, which is weaker than the nondegeneracy of a. 
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To conclude this section, we introduce the notation: Above we have al- 
ready defined C k (D),k = 1 or 2, as the space of bounded continuous and 
/c-times continuously differentiable functions in D with finite norm given by 

\g\i,D = \g\o,D + \§x\o,d, \g\2,D = \g\i,D + \gxx\o,D, 

respectively, where 

\g\o,D = sup \g(x)\, 

x&D 

g x is the gradient vector of g, and g xx is the Hessian matrix of g. For 
a G (0, 1], the Holder spaces C k,a (D) are defined as the subspaces of C k (D) 
consisting of functions with finite norm 

ii ii i r i v, r i \s( x ) -g(y)\ 

\g\k,a,D = \g\k,D + [g\a,D, where [g\ a , D = sup : — . 

x,y£D \ x ~ V\ 

R is the <i-dimensional Euclidean space with x — (x , X .. • • • • X ) representing 
a typical point in R rf , and (x, y) = 5Zj=i X% V % * s the inner product for x, y G 
R d . For x,y,z G R d , set 

d d 
u (y)=^2 u x i y^ u (y)(z) = u x*xiy % z 3 > u \ y ) = ( u (y)) 2 - 

For any matrix a = (c 1 - 7 ), 

IMI 2 := tvaa* = ^(a ij ') 2 . 

For any s,t G R, we define 

s A t = min(s, t), s V t = max(s, t). 

Constants K, N and A appearing in inequalities are usually not indexed. 
They may differ even in the same chain of inequalities. 

2. Definition and Examples of Quasiderivative 
In what follows, we consider the ltd stochastic equation 

(2.1) x t = x+ / a % (x s )dw % s + I b(x s )ds 

Jo Jo 

on a given complete probablity space (f2, J 7 , P), where x G M. d , a % and b are 
(nonrandom) Revalued functions with bounded domain D in R rf , defined 
for i = 1, d\ with d\ possibly different from d, and wt '■= {wj, ..^wf 1 ) is a 
c?i-dimensional Wiener process with respect to a given increasing filtration 
{^t,t > 0} of fj-algebras Ft C F, such that Ft contain all P-null sets. 
We denote by a the d x d\ matrix composed of the column- vectors a 1 , i = 
l,...,dx. We also assume that a and b are twice continuously differentiable 
in R d . Based on the assumptions above, for any x G D, it is known that 
equation (|2.ip has a unique solution Xj(x) on [0,t(x)), where 

r(x) = inf{t > : z f (x) ^ D} (inf{0> := oo). 
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Definition 2.1. We write 

u G M k {D,a, b) 

if u is a real-valued k times continuously differentiate function given on D 
such that the process u(xt(x)) is a local {Ft} -martingale on [0,r(x)) for any 
x G D. 

We abbreviate A4 k (D, a, b) by A4 k (D), or simply Ai k when this will cause 
no confusion. 

Definition 2.2. Let x G D, and let r be a stopping time, r < t(x). Assume 
that £ G M. d , £t and $ are adapted continuous processes defined on [0, r] n 
[0, oo) with values in M. d and M, respectively, such that £o = £• 

We say that ^ is a first quasiderivative of xt{y) in the direction of £ 
at point x on [0, r) if for any u G Ai 1 (D, a, b) the following process 

(2.2) u {it) (x t (x)) + $u(x t (x)) 

is a local martingale on [0, r). In this case the process $ is called a first ad- 
joint process for ^ . Ifr = t{x) we simply say that £t is a first quasideriva- 
tive of Xt{y) in D in the direction of £ at x. 

Definition 2.3. Under the assumptions of Definition \2.^ t additionally as- 
sume that T] G M. d , t]t and rf^ are adapted continuous processes defined on 
[0, r] n [0, oo) with values in M. d and M., respectively, such that rjo = i]. 

We say that rjt is a second quasiderivative of xt(y) associated with 
£t in the direction of rj at point x on [0,r) if for any u G A4 2 (D,o~,b) the 
following process 

(2.3) «(f t )(6) + u ( Vt )( x t( x )) + 2^°u (?t) (xi(x)) + rf t u{x t {x)), 

where & and $ are first quasiderivative and first adjoint process. 

is a local martingale on [0,r). In this case the process rfl is called a second 
adjoint process for r\t- If r = t(x) we simply say that rjt is a second 
quasiderivative of xt(y) associated with £ t in D in the direction of r] at x. 

Let us consider 

u(x) = Eg(x T (x)), 

that is, we temporarily let / = c = in (|1.2p . Based on the definitions 
above, if u G C 2 (D), then the strong Markov property of xt(x) implies that 
u G A4 2 (D), and the usual first and second "derivatives" with respect to x 
of xt(x), which are defined as the solutions of the ltd equations 

& = f + J ^ s) (x s )dw k + J b^ s) (x s )ds 
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are first and second quasiderivatives with zero adjoint processes. This 
means, the concept "quasiderivative" is a generalization of the usual "deriv- 
ative" . 

Now we additionally assume that the domain D is of class C 2 with dD 
bounded, t(x) < oo (a.s.), and g is twice continuously differentiable on dD. 

If the process (|2.2p is a uniformly integrable martingale on [0, r(x)) and 
S, T (x) is tangent to dD at x T r x \(x) (a.s.), then we have 

U(e)(x) = E[u(£ r )(x T ) + £u(x T )] = E[g {&) (x T ) + £g(x T )]. 

This shows how we can apply first quasiderivatives to get interior estimates 
of u (5 ) through \g\ 1)D or \g\i,dD- 

As far as second derivatives are concerned, first notice that 

4u m) (x) = u {i+m+0 {x) - u K _ 0K _ (x). 

So to estimate U(^(q(x), V£, C G K d , it suffices to estimate it^^x), V£ € R d . 

Again, if the process (|2.3p is a uniformly integrable martingale on [0, t(x)), 
Ct(x) an d Vt(x) are tangent to dD at x T ( x )(x) (a.s.), then by letting 77 = 0, 
we have 

n (0(C)0) = n (0(5)( x ) + u (??)( :z; ) 

=-%(5r)(£ T ) (»t ) + Or) • iT D2h x T (0)Cr + % r ) far ) 

+ 2f T g^ r) (x T )+r ] T g(x T )}, 

where n{x) is the unit inward normal at x G <9D and /i p : T p (dD) — > R is a 
local representation of <9Z) as a graph over tangent space of dD at p. (Notice 
that it is different from the first order case that generally uu^r^\(x T ) 7^ 
g^ T )^ T )(x T ).) Since D is of class C 2 and dD is bounded, 

&D 2 h x Mt.r <N\i T \ 2 , 

where N is constant. This shows how we can apply second quasiderivatives 
to get interior estimates of through |<7|2,d> or even |g|2,aD, provided 

that U( n ( y ))(y) can be estimated on dD in terms of \g\2,D or \g\2,8D- 

It is also worth mentioning that i] t m need not be tangent to dD at 
x T /rA (x) , provided that we can control the moments of rjt^ T an d estimate 
the normal derivative of u, because we can write i] T r x \ as the sum of the 
tangential component and the normal component. 

The discussion above motivates us on attempting to construct as many 
quasiderivatives as possible. 

Theorem 2.1. Let rt,ft,irt,Ttt,Pt,Pt be jointly measurable adapted pro- 
cesses with values inR, R, R dl , R dl , Skew(cq,K), Skew(di,R), respectively, 
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where Skew(di,R) denotes the set of all d\ x d\ skew- symmetric real matri- 
ces. Assume that 



(|n| 4 + \h\ 2 + + |vr 4 | 2 + \P t \ 4 + \P t \ 2 )dt < oo 



for any T E [0,oo). For x E D, £ E M. d and n E M d , on the time interval 
[0,oo), define the process £j and rjt as solutions of the following (linear) 
equations: 



(2.4) i t = £ + 



C7 



(6) 



+ r s cr + aP s 



dw s + 



/ r 







+ 2r„6 — o"7r s . 



(is, 



(2.5) 



Vt = V + 



+ 







+ f s CT + (TPs + + 2r ^(6) 

+2a (6) P s + 2r,(jP s - rfa + a P 2 s dw s 
Hvs) + 2f sb - o-tt s + + 4r s 6 {6) 

-2cr^ s )7r s - 2r s CT7r s - 2aP s n s ds, 



where in o~,b and their derivatives we dropped the argument x s (x). Also 
define: 







ir s dw s , 







ri°t =(e?) 2 - (f)t + / fisdws. 



(2.6) 
(2.7) 



Then £j is a /irsi quasiderivative of xt(y) in D in the direction of £ at x 
and $ is its first adjoint process, and rjt is a second quasiderivative of xt(y) 
associated with & in D in the direction of r\ at x and rjt is its second adjoint 
process. 



Remark 2.1. Equations \2.1$ and \2. 5\) give the most general forms of the 
first and second quasiderivatives known so far. On one hand, they con- 
tain various auxiliary processes, rt,7Tt,Pt, rt,Ttt,Pt, which supply us fruitful 
quasiderivatives for our applications. On the other hand, in specific appli- 
cations, many of the auxiliary processes are defined to be zero (processes), 
which make the equations {2.1$ and \2. 5\) shorter. 



Proof. Mimic the proof of Theorem 3.2.1 in |11] by replacing yt(e,x) as the 
solution to the Ito equation 



dyt 



1 + 2er t + e 2 f t o-(y t )e ePt e2 £ Pt dw t + (1 + 2er t + e 2 f t )b(y t 



Vl + 2er t + e 2 f t o-(y t )e £Pt e2 £ Pt {en t + -e 2 K t ) 



dt 
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with initial condition y = x + e£ + -^e ?], and then differentiating the local 
martingale 

u(y t (e,x))ex.p ( / (eir s + -e 2 TT s )dw s - - / |e7r s + -e 2 ^ s \ 2 ds) 
Jo 1 1 Jo 1 

twice which turns out to be a local martingale also. 

□ 

Before ending this section, we introduce two local martingales to be used 
in applications. 

Theorem 2.2. Let c, f , g and u be real-valued twice continuously differ- 
entiable functions in D. Suppose that u satisfies (jl.ip . Take the processes 
r t ,f t ,Tr t , TC t ,Pt,Pt, it^ltiitiVt f rom Theorem\2J^ Then for any x <E D, the 
processes 
(2.8) 



f iCs) (x s ) + (2r s + i° s )f(x s ) 



ds, 



Yi 



(2.9) 



with 



+ 



+ (2r s + 4gr s + fj°)f(x s ) 



ds, 



c(x s )ds, 



cd+l ._ 
St 



C(£ 3 )(x s ) + 2r s c(x s )ds, 



d+l ._ 



(x s ) + c ( „ )(x s ) + 4r s c ( c )(x s ) + 2f s c(x s )ds 



+ 2$^ + tit 1 ? + vt + \ 

are local martingales on [0,td(x)). (We keep writing xt in place of xt(x) 
and drop this argument in many places.) 



Proof. Introduce two additional equations 



r d+2 
H 



c(x s )ds, x 

For x = (x, x d+1 ,x d+2 ) £ D x 1 x 1, define 

u(x) =exp(x d+1 )u{x) + x d+2 . 



exp(x d+1 )f(x s )dt. 
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Ito's formula and the assumption that a tJ (x)u x i x j + b l {x)u x i — c{x)u+f{x) = 
in D imply that u(xt(x, 0,0)) is a local martingale on [0,td(x)). That 
means, u(xt) G M 2 - 

According to definitions 12.21 and 12,31 

fi (£t)(*t) + £t«(5t) and u {nt) (x t ) + u { ^ t) (x t ) + 2$u^ t) (x t ) + rf t u{x t ) 

are local martingales on [0,td(x)), where ft = (£t, £,f +2 ) and r/t = 
(ilt,Vt +1 iVt +2 ) are fi rs * and second quasiderivatives of Xf((x,0, 0)) in the 
directions of £ = (£,0,0) and 77 = (77,0,0), respectively. 
Direct computation leads to 

u$ t) (x t ) = exp(xf x ) [ U({t) (s0 + ^ufo)] + ef +2 , 

"(&)(€*)(**) = ex P(^ +1 )h(6)(6)(^) + 2 ^ +1 ^fe)(^) + 
= exp(x t d+1 ) [u M (x t ) + 7 ? f +1 u(x t )] + 77f+ 2 , 

with 

= - / c (6)( x *) + 2r s c(x s )ds, 
JO 

ef+ 2 = [' exp(x d+1 )[f ( ^(x s ) + (^ +1 + 2r 8 )/(x s )]ds, 
■/ 

^ = - / c (6)(6)( x «) + c fe)(^) + 4r sC (6) (x s ) + 2r s c(x s )ds, 
Jo 

V f+ 2 = [ exp(xf 1 )[/ (6)(6) (x s ) + / (r?s) (x s ) + (2e s d+1 +4r s )/ (6) (x s ) 
J 

+ ((d +1 ) 2 + 1 + 4r s Cf +1 + 2r s )f(x s ))ds. 

It remains to notice that $ and 77^ are local martingales, so by Lemma 
11.8.5(c) in [TO] 

« +2 - f e s dxt + \e t it +2 - fe s de 2 and^ 2 - f « +2 

jo JO J 

are local martingales. 

□ 

3. Application of quasiderivatives to derivative estimates of 
non-homogeneous linear degenerate elliptic equations 

In this section, we use quasiderivative to derive first and second derivative 
estimates of (jl.2p . which is the probabilistic solution of 

To be precise, let cr, 6 and c in (|1.2p and (|1 .3H be twice continuously 
differentiable in K , and c be non-negative. Let D G C 4 be a bounded 
domain in M d , then there exists a function 7/) G C 4 satisfying 

t/j > in D, ip = and \ip x \ > 1 on 3D. 
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We also assume that 

(3.1) Lip := a ij (x)ip xlx] + b^xtyj < -1 in D. 

(3.2) \a ij \ 2 , D + \b%, D + \c\ 2 ,d + \^U,d < K , 

with constant Kq G [1,oo). 

Let 23 be the set of all skew-symmetric d\ x d\ matrices. For any positive 
constant A, define 

D x = {x G D : if>(x) > A}. 
Assumption 3.1. (non- degeneracy along the normal to the boundary) 

(an, n) > on dD, 
where n is the unit normal vector. 

Assumption 3.2. (interior condition to control the moments of quasideriva- 
tives, weaker than the non- degeneracy) There exist functions 

• p(x) : D — > M. d , bounded in D\ for all A > 0; 

• Q(x,y) : D x M. d — > 23, bounded with respect to x in D\ for all 
A > 0, y G M d and linear in y; 

• M(x) : D — > R, bounded in D\ for all A > 0: 

such that for any x G D and \y\ = 1, 

\\ a (y)i x ) + (P( x )^y) a ( x ) +^(x)Q(x,y)\\ + 
2(y,b {y) (x) + 2(p(x),y)b(x)) < c(x) + M (x) (a(x)y , y) . 

Our main result is the following: 

Theorem 3.1. Define u by f)1.2|) . in which xt(x) is the solution of M.3\) . 
Suppose that Assumption \3. 1\ and Assumvtion \3 .2\ are satisfied. 

(1) C Q ' l (D), then u G C^](D), and for any £ G R d , 

(3.3) \u (0 \ < n(\C\ + ^T-) (l/lo.i.u + \g\o,i, D ) a.e. m D, 

where N = N(K Q ,d,di,D). 

(2) If f,g G C l ^(D), then u G C^]{D), and for any £ G R d , 



(3.4) 



*tt)(0 



< AT^|2 + _|A (|/|i,i,£) + \g\i,i, D ) a.e. in D, 



where N = N(Ko,d,di,D). Furthermore, u is the unique solution 
inCl£(D)nC°>\D) of 

, . J Lu(x) — c(x)u(x) + f(x) = a.e. in D 

^ ' ' 1 u = g on dD. 

Remark 3.1. The author doesn't know whether the estimates 113.3)) and 
\3.4\ ) are sharp. 

The following two remarks are reductions of Theorem 13. 1[ 



10 



WEI ZHOU 



Remark 3.2. Without loss of generality, we may assume that c > 1 and 
replace condition \3. S\) by 

(3.6) 



IKiofa) + (p( x )>y)< T ( x ) +< T ( x )Q( x ^y)\\ + 

2(y, b (y) (x) + 2(p(x),y)b(x)) < c{x) - 1 + M(x) (a(x)y, y) . 



Indeed, letting u 



in D, we have 



«x< = {$+ l)« x < + VV"; U x i x j =(lp+ l)u x i x j + 1p x jU x i + 1p x iU x 3 + 

Hence U.l\) turns into 

a l3 {x)u x i x i ■+ b l (x)u x i — c(x)u + f(x) = 0, in D 

u = g := g/(l + ip), on dD 

with 

a ij = {ip + l)a ij , 6* = 2a ij ^j xj + (tp + 1)6*, c = -L^ + (1 + V»)c 



Notice that a ZJ = ^/ip + lcr lJ • So a direct computation implies that 
\o ij \2,D + \b% >D + |c| 2 ,d + |V|4,U < (d 2 + 2d + 2)K 3 , 

which plays the same role as \3.2^i . 
Since Lip < — 1 and c > 0, c > 1. 

We also /iai>e (an,n) > on dD. Under the substitutions on a, b and c, 
by inequality i3.2\) . we have 



1 



1 i>(y) = 



+ ^l(y~hv)W - ^b{x) + 2{p{x),y)b{x) 



< 



c(x) + Lip 



ip + 



^ + M{x) (a(x)y, y) + 2 (y, (|^) ^ + 2 (p(s) , y) ^ 



2aV>x 



Collecting similar terms and noticing that Lip < — 1, we get 

2 



e(y){ x ) + {p(x),y)Z(x) +a{x)Q(x,y) +2[y,b^ y) (x) + 2(p(x),y)b(x) 
< c(x) - 1 + M(x) (a(x)y, y) + 4(a (3/) (x)tp x ,y) , 



with 



p(x) := p(a;) 



2(V + 1) 

and M(x) is in terms of M{x),Kq and \p(x)\. 

The term 4:(d^2p x ,y) can not be bounded by M(x)(d(x)y,y). However, 



notice that 



^{x)a* (y) (x) 



a (y )(z) 

So M(x)(a(x)y,y) + 4(a^ip x , y) can be rewritten in the form of 

'M(x)^. 



H x ) (—^°*{x)y + 4a* (y) (s)^ x ) , y 
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which can play the same role as that of M(x)(a(x)y,y), which, in the proof, 
will be rewritten in the form of 

M(x) 



(a(x).^pa*(x)y,y). 



A direct computation shows that if u satisfies estimates h3. 3\) and (fff-^j ), 
we have the same estimates for u. 

Remark 3.3. Without loss of generality, we may assume that u G C^-D) 
and f,g G C l (D) when investigating first derivatives of u, and u G C 2 (D) 
and f,g G C 2 (D) when investigating second derivatives of u. 

Let us take the first situation for example, in which u, f, g can be assumed 
to be of class C 1 . The second situation can be discussed by almost the same 
argument. 

We define the process xf(x) to be the solution to the equation 

x t = xo + / a(x s )dw s + / eldw s + / b(x s )ds 
Jo Jo Jo 

where tit is a d-dimensional Wiener process independent of wt and I is the 
identity matrix of size d x d, and we define t s {x) to be the first exit time of 
xf(x) from D, then for the function 



g^ (l) (x))e-^W + f {X) f{xt(x))e-^dt 



u £ {x) := E 



with (ff t := / c(x1(x))dt, 
Jo 

the relation u £ —> u holds as e — > 0. Indeed, notice that 
E\g(x £ T e(x)) -g{x T (x))\ 
<KE(\xU Ar (x) - x T s Ar (x)\ + (r e V r - r £ At) + (t £ V r - r £ A r) 1/2 ), 

E\e-fr* - e -^| < Ee- TeAT \(f> £ T . - <f> T \ 
<KEe~ rZhT {r £ A r • sup \x\(x) - x t (x)\ + (r e Vr - t £ A r) + (r e V r - t £ A 

(<t e At 

<KE( sup \x £ t (x) - x t (x)\ + (t £ V r - t £ A r) + (t £ V r - t £ A r) 1/2 ), 

Kt e At 

E [ f{x £ t {x))e-^dt- [ f{x t {x))e-' t ' t dt 
Jo Jo 

<E [ T ^ |/(xf(x))e-# - f(x t (x))e^\dt 
Jo 

+ KE(t £ V r - t £ A t) + (r e V r - r £ A r) 1 / 2 ) 



ft At 

<E / /f(|xf (cc) - x t (cc)| + t • sup - x s (x)|)e _ *di 

Jo s<t 
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+ KE(t £ V r - t £ A r + (t 6 V r - t £ A r) 1/2 ) 
<if£( sup |xf (x) - x t (x)| + (t £ V r - T e A r) + (r e V r - r £ A r) 1/2 ), 

Kt e At 

where K is a constant depending on |g|o,i,D, |/|o,i,d an d Ko- It follows that 

\u £ (x) - u(x)\ <KE( sup \x e t {x) - x t (x)\ + (t £ \/ t — t £ At) + (t £ V t — r e A r) 1/2 ) 

t<T e AT 



<K[E sup |xf(x)-x t (x)|+irP(r>T) + £/i + £/ 2 + ^E2i + 

/i = (r £ V r - r e A t)/ t>t£ = (t - T £ )I T>T e, 
I 2 = (r £ V r - r e A T)/ T<r£ = (r e - t)I t<t s. 
It remains to notice that 

E sup \x t {x) — xf (x)| < e e — > 0, as e — >■ 0, 

t<r £ ArAX 

F(r > T) < f < I* jf ( - !*(.,<«)))* = ^|feWj < * 
and 



E(r - T e )I T>T e =E f Idt 

<- E I L^(x t (x))dt 

Jr/\T e 

= - ENj(x t (x)) - 1p(x T e(x))^JI T c 



tAt e 

<T 

T e <T 

T e <T 



=Elp(x r e {x) (x))l T 

=E(^(x T e(x)) -V(X^(S)))/ T 

<#(V(x r e(x)) - V<t<t + 2K 0j P(t > T) 



2ET 2 

<if £ sup |x t (x)-xf(x)| + 



f<T e ArAT 



T 



£(r e - r)/ T<r£ <-2E [ L £ ^(x £ t (x))dt 



'tAt e 

2ET 2 

<---<A' £ sup |x t (x)-x?(x)| + — 2.. 

t<r £ AtAT 1 

Hence by first letting e J. and i/ien T f oo, w;e conclude that 

\u e {x) — u(x)\ — > as e — > 0. 

Moreover, for small e the condition (3. 1\) holds for 2ip, taken instead ofip 
and L £ associated to the process xf(x). The matrix a £ corresponding to the 
process xf (x) is obtained by attaching the identity matrix, multiplied by e, to 
the right of the original matrix a. In this connection we modify P(x,y) by 
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adding zero entries on the right and below to form a (di+d) x (di+d) matrix. 
Then the condition (3. 6\) corresponding to the process x £ {x) will differ from 
the original condition by the fact that the term e 2 (p(x),y) 2 d appears on the 
left, and ^M(x)e 2 on the right. From this it is clear that the condition 
\3. 6\) for the process x £ (x) (for all e) also holds when M(x) is replaced by 
M(x)+2\p{x)\ 2 d. 

Finally, from analysis of PDE, we know that for e / the nondegenerate 
elliptic equation L £ w = in D with the boundary condition w = g on dD 
has a solution that is continuous in D and twice continuously differentiate 
in D, and u £ = w in D by Ito's formula. From this it follows that it suffices 
to prove the theorem for small e / 0, the process x £ (x), and a function 
u e that is continuously differentiable in D. Of course, we must be sure 
that the constants N in h3. 3\) is chosen to be independent of e, which is 
true as we can see in the proof of the theorem. Observing further that for 
each fixed £ / the functions f and g can be uniformly approximated in 
D by infinitely differentiable functions, in such a way that the last factor 
in h3. 3\) increases by at most a factor of two when f and g are replaced 
by the approximating functions, while for the latter the function w (i.e., 
u £ ) has continuous and bounded first derivatives in D, we conclude that we 
may assume u has continuous first derivatives in D and f,g € C 1 (D) when 
investigating first derivatives of u. 

Before proving the theorem, let us prove four lemmas. In Lemma 13. II we 
estimate the first exit time. It is a well-known result, but we still prove 
for the sake of completeness. Lemma 13.21 concerns the estimate of the first 
derivative along the normal to the boundary, to be used when estimating 
the second derivatives. In Lemma 13.31 and Lemma 13.41 we construct two 
supermartingales, which will play the roles of barriers near the boundary 
and in the interior of the domain, respectively. 

Lemma 3.1. Let td (x) be the first exit time of xt(x) from Dq, which is a 
sub-domain of D containing x. Then we have 

Et Do (x) < Et d {x) <ip(x)<\^\ ,D, 

Et 2 Dq {x) < Et 2 d (x) < 2Mo,dV(z) < 2|^ )D . 

Proof. The fact that Dq C D impleis Etd q {x) < Etd(x) and Et^ )q (x) < 
Et 2 d {x). Now we abbreviate td(x) by r(x), or simply r when this will cause 
no confusion. By (|3.1j) and Ito's formula, we have 

PT f'T 

Et = E ldt<-E Lijjdt = ip(x) - Eij){x T ) = ip(x), 
Jo Jo 

poo poo 

Et 2 = 2E (r - t)I T>t dt = 2E I T>t ET{x t )dt 
Jo Jo 

roc 

< 2 sup Er(y) ■ E / I T>t dt = 2 sup Er(y) ■ Et < 2\i/j\ 0jD i/j(x). 

y&D Jo yeD 
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□ 

Lemma 3.2. If f,g £ C 2 (D), and u £ C 1 (D), then for any y £ <9.D we 

(3-7) K„)(y)|<-R:(M2,i3 + |/M, 

where n is the unit inward normal on dD and the constant K depends only 
on Kq. 

Proof. Fix a y £ <9L>, and choose eo > so that y + en £ .D as long as 
< e < £o- Also, fix an e £ (0, eo] and let x := y + en. By Ito's formula, 

d(g(x t )e-^) = e~^ g (uk) {x t )dw k t +e" h (Lg(x t ) - c{x t )g(x t ))dt, 
d(u(x t )e-^) = e-^u {ak) {xt)dw k t + e'^ f(x t )dt. 

Notice that 

E J (e-^g {ffh) {x t )) It<rdt < N\g\\ D E T < oo, 

E J (e-^u^xt)) I t < T dt < N\u\\ d Et < oo. 

The Wald identities hold: 

E [ T e-^g {ak) {x t )dw k t = 0, E f e-^u (ak) (x t )dw k = 0. 
Jo Jo 

Thus 

u(x) =g(x) + E [ e'^iLgixtix)) - c(x t (x))g(x t (x)))dt 
Jo 

+ E r f(xt(x))e-^dt 
Jo 

<g{x) + (\Lg\ 0:D + \c\ 0>D \g\ 0>D + \f\o,D)Er 
<g{x) + K(\g\ 2>D + \f\ 0tD )if>(x). 

Notice that u(y) = g{y) and ip(y) = 0. So we have 

u(y + en) - u{y) g(y + en) - g(y) tp(y + en) - ip(y) 
< \-K{\g\ 2 ,D + \f\o,D) • 

Letting e | 0, we get 

U(n)(y) < K (\g\2,D + I/Io,d)- 

Replacing u with —u yields the same estimate of (— ii)( n ) from above, which 
is an estimate of ii( n ) from below. Combining the estimates from above and 
from below leads to (13. 7h and proves the lemma. □ 
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For constants 5 and A, such that 0<o~<A 2 <A<l, define 
D s = {x G D : 5 < ip}, 
D x = {x e D : V < A}, 
D$ = {x G D : 5 < V> < A}, 
D X 2 = {x G D : A 2 < 

Lemma 3.3. Introduce 



<p{x) = A 2 + ^(1 - -jU), B!(x, = [A + v^(l + V^)] ^l 2 + 



§4) 

4Ar/ , L' ' ■ v rv- ■ v r,j,*, ■ --*r ^ > 

where K\ G [l,oo) is a constant depending only on Kq. 

In D x , if we construct first and second quasiderivatives by \2.J$ and 112.5]) . 
in which 

V'(f) 

r(x,£) := p(x,£) + — — , r t := r(x t , 

where p(x,£) := -— ^ V(^) (^(^ ))(£)' ^ := 5Z^ fc )' 



fc=i fc=i 



V ,2 



f ( x '0 := "^f"' r t :=r(x t ,£t); 
TT k (x,0-= 2 ^ ( ° , fc = l,...,di, vr 4 :=7r(x t ,6); 

7r f fc = ff = 0, Vi,fc = l,...di,Vt G [0,oo). 

T/ien /or sufficiently small X, when xq G Dt , £o £ R anc ^ — 0, we aai>e 

(1) Bi(xt, £t) owd y / Bi(xt, £t) are /oca/ supermartingales on [0, rf ], where 
T ( = t d x(x ); 

V 2 



(2) £ p |&| 2 + -&-dt < NB 1 {x 0> Co); 



(3) ^supl^r < A^iOeo^o); 

t<rf 

(4) J5|77 5 1 < E sup |r/ t | < NB^xq^q); 

(5) y 1 M 2 dt) 5 < JVBi(x ,£o); 
where N is a constant depending on Kq and A. 

Proof. Throughout the proof, keep in mind that the constant K depend only 
on Kq, while the constants N G [1, oo) and Aq G (0, 1) depend on Kq and A. 
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First, notice that, on dD, we have 

di 

A = X^(U) = 2 (aip x ,ip x ) = 2\ip x \(an,n) > 26, 

k=l 

where the constant 5 > 0, because of the compactness of dD. Replacing ip 
by ip/26 if needed, we may, therefore, assume that A > 1. 
By Ito's formula, for t < rf, we have 

= [(^V))(ft) + r WV) +^{^)Pt' l ]dw\ + + 2r t Lil) -ip (ai) Trl]dt. 

A crucial fact about this equation is that owing to our choice of r and P 

Thus 

(3.8) d^ (6) = + [(^) (et ) + 2r t L^ - W)^*- 

Let 



a := <T(£) + rcr + crP, b := 6(g) + 2r6. 



We have 

(3.9) ||*|| < + 



1^)1- 



(3.10) |6| < K(\S\ + 
By Ito's formula, 

(3.11) dB l (x t ,Z t ) = r 1 (x t ,Z t )dt + A>l(x t ,Z t )dw*; 
with 

ri(a;,0 =/i+/ 2 + ...+/i3 

where 

h = A[2(£,&) + ||a|| 2 ] < AK(|£| 2 + %) < K\l^ + K^% 
here we apply (EHJ), (13TTU1) and X < (fK 

7 2 = -A2(4, a )7r < ; < 3—5- H -J 

^ 32-22(^2 ^ 

< lei 2 , ggfyjg) < i^i 2 . K M *vfo 

3 — r "I 79 — — w + V 9 — To - ' 

32-2M ^ 2 32vi ^ 2 

here we apply A 2 < <p, and then observe that ip < 2<p, 

h = + v^)2(e, 6) < v^ieioei + ^) < 

r -02 
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here we apply (13.101) . 

|2 Z^,o^„/,2 



< 



l£l 2 , 



32 • 22^2 



+ 



2 



32-0§ 



here we observe that tjj < 2ip, 



4' 



h = V^U + V^)ll^l| 2 < K^(\t\ 2 + ^)< K\ 2 ^ + Kip 



: iei 5 



1 v> 



(0 



here we apply (13.9 

i 6 = (i + 2v^)iei 



2r L V> 



2v¥ 8^2 



< 



ih 2 

3 J 
802 



1p l 



V 2 



7 8 = (1 + 2^)to( { ,,*) < * $ M + JM) < KX l X + -^T + K v t 



32^ 



here we apply fl3.9H and -0 < 2ip, 

/ 9 =^4^[(i 



In = K w *2^[{Lxl>) m + 2pL^] < 



+ Ki9923-^L0 < 0. 

< 



here we use ip < 2y>, 



■lei < i^i^ 



■0 



i ^ 



(0 , ^ ^xsl^l 2 



here we first notice that </? < 2A, and then apply ip < 2(p, 



I 12 = -K x ^-f 

ip ip z 



113 = ^-^(1 



2 ' 



Collecting our estimates above we see that, when x £ L>£ , 



ri(x,o < 



■02 
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i,2 



+ 



i no 



V> 2 

Recall that K and K\ depend only on Kq. By first choosing K\ such that 
K\ > i'f , then letting A be sufficiently small, we get 

(3 ' 12) ri( "'° - ~64^F " 2^ - lel " 2^ * °" 

It follows that Bi(x^,^) is a local supermartingale on [0,rf]. 

Also, notice that f(x) = \/x is concave, so ^/B\(xt, £,t) is a local super- 
martingale on [0, rf]. Thus (1) is proved. 

From (|3.12p . there exists a sufficiently small positive Ao, such that 

if; 2 

Ti(x,0 + A (|e| 2 + ~^)< 0,Vx G Dl 

Therefore, 

A £ jf |&| 2 + -p^ < - E J Y x [xt^t) 

=Bi(x ,Co) -£^Bi(a; T «,^ r «) < Bi(x ,£o), 

which proves (2). 
Since 

M 2 = M 2 +f 2(£ s ,b) + \\a\\ 2 ds+ [ 2{£ s ,a)dw s , 
Jo Jo 

by Burkholder-Davis-Gundy inequality, for T n = rf A inf{i > : |^| > n}, 
we have, 

^ S upi6i 2 <i^oi 2 + / Tn (2ie i |-i6i + ii^n 2 )^+6^( [ Tn m,<t)\ 2 Y 

t< Tn Jo v 7 Wo 7 

<i^oi 2 + ^ £ i6i 2 + + e{ £ N\c t \ 2 m 2 + ^i)*) 1 

r / Z" 7 ™ ^ \ -i 

<iVB 1 (x ,eo) + ^ sup|6|-(/ iV(|&| 2 + -^)dt) 2 

t^Tn J t 

<JVBi(x ,6) + 2^ SU P l^l 2 + / ^^'l 2 + 

t^Tfi J *r 

<^B 1 (xo,^o) + ^sup |6| 2 , 

2 t<r„ 



which implies that 
Now (3) is obtained by letting n — > oo. 



£sup|&| 2 < iVBi(xo^o)- 

t<Tn 
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Now we estimate the moments of second quasiderivative r] t . Based on our 
definition, we have 

d Vt = k(r?o + G(x t ,£t)]dwt + [6^) + H(x t ,£t)]dt, 

with 

G(x, £) = a (m) + 2ra {0 + (2a {0 + 2ra + aP)P + (r - r 2 )a, 

H(x,0 = b im) +4rb {0 +2-^b. 
Therefore, we have the estimates 

iigii < N\m\ + m < iv(iei 2 + ^). 

Ito's formula implies 

d(\vt\ 2 e 2ip ) = 9(x t , Zt,Vt)dt + n k {x u turit)dw k t , 

where 



= e 2 ^{2|r ? | 2 [(l - |^ - — + (1 - ^) 2 A] + ||a (r?) + G(x,0\\ 

2A 



+ 2(t?, &(„) + 0) + 2(7?, + G(x, £))[(! - V 



It is not hard to see that, for any x 6 Di, 

10 < e 2 ^2(l - ±-)A\ V \ 2 +N[\r 1 \ 2 + |£| 2 (|£| 2 + ^) + |^Kie| 2 + ^)] }• 
So for sufficiently small A, we have 

ib 2 

(?(*,£, ;/) + Aolr/I 2 < 7V e ^(|£| 2 + I^Dd^l 2 + -^). 
Then for any bounded stopping time 7 with respect to {.Ft}, we have 

E(e^\ Vj \ 2 ) + \ e£ \ Vt \ 2 dt <e£ Ne 2 ^m 2 + \vt\Mt\ 2 + ^)dt. 

Let r n = t? A inf{i > : e v |r/t| > n}. Recall that rj = 0. By Theorem 
III. 6. 8 in 1 10], wc have 



£sup(e^|77 f |) 

t<T n 

<3E( f Ne 2 ^{U 2 + |^|)(|f t | 2 + ^)) 1 



<E 
<E 



9iVe 2 ^| 2 (|6| 2 + ^T)dtf + {£ 9A^M(|6| 2 + ^)dt) 

n sup icti • ( r u 2 + ^dt) 1 + sup • ( r + %^ 
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<NEsu V \t t \ 2 + NE / \^ + ^fddt + -E sup (e^\ Vt \) 

t<Tn JO 1p I t <T n 

<^sup(e<%|)+JVBi(so,fo), 

1 t<T„ 

which implies that 

E sup \rj t \ < E sup^M) < iVBi(x ,eo), 

t<T„ t<T„ 

E^J n \vt\ 2 dty < NBxixo^o). 
Letting n — > oo, we conclude that (4) and (5) are true. □ 
Lemma 3.4. Introduce 

B 2 (x,£) = Ai|£| 2 . 

If we construct first and second quasiderivatives by \2.1$ and \2. 5]) . in 
which 

r{x,y) := (p(x),y), r t := r(x t ,£t), h := r(x t ,r) t ), 
Mix) 

n(x,y) ■= 2 cr*(x)y, ix t ■= Tr(x t ,£ t ), h ■= n(x t ,r] t ), 
P(x,y):=Q(x,y), P t := P(x t , P t := P(x t , m ). 

Then for sufficiently small X, when xq G D^2, £o 6 M, d and tjq = 0, we have 

(1) e~^ t B 2 (x t , £t) an d \J e~'t >t B 2 (xt, £t) are local supermartingales on [0, r 2 ), 
where r 2 = td x2 (x); 

(2) E P e-^ t \ 2 dt<NB 2 (x ,^); 

(3) £supe-^|&| 2 < NB 2 (x ,Zo); 

t<T 2 

(4) Ee-^\i ]r2 \ <Esnpe-^\ Vt \ < NB 2 (x ,£ ); 

t<T 2 

(5) E(J\- 2 ^\n t \ 2 dty <JVB 2 (x ,&); 

(6) T/ie above inequalities are still all true if we replace 4>t by 4>t — ^t. 
More precisely, we have 

E r e~^ +1 2%\ 2 dt < NB 2 (x ,£o), Esnpe-^+^l 2 < NB 2 (x ,£o), 

JO t<T 2 

E( f 2 e- 2 ^ +t \n t \ 2 dt)~ 2 <iVB 2 (xo,Co), E sup e^+^m] < NB 2 (x , Co), 

V JO J t<T 2 

where N is constant depending on Kq and X. 
Proof. First of all, replacing Kq by 

max<A , sup sup j— j , sup M\x j 

I x€D A 2 x£-D A 2 ,y6K d 1 2/ 1 x&D x 2 
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we may assume that 
sup \p(x)\ < K , sup ||Q(x,y)|| < K \y\,Vy G M d , sup M{x) < K . 

By Ito's formula, for t < r 2 , we have 

d\Zt\ 2 = A k 2 (x t ^ t )dw k +T 2 (x t ,Ct)dt, 

where 

A 2 (x,0 =2(Zt,a ( £ t) +rta + aPt), 

r 2 (x,0 = [2(£, 6 (0 + 2r6 - <ttt) + + m + <rP|| 2 ] < (c - 1)|£| 2 . 
So 

d(e-^|6| 2 ) =e-^[r 2 ( a;t ,^)-c(x t )|6| 2 ]dt + dm t 
< -e-^ t \ 2 dt + dm t , 



where mt is a local martingale. 

Thus e~^ t B2(xt, £t) is a local supermartingale on [0, T2). 

Also, notice that f{x) = ^fx is concave, so \J e^B^xj, £ 4 ) is a local 
supermartingale on [0, 7*2]. (1) is proved. 

From (I3.13p . we also have 

E H e'^tfdt = B 2 (x ,£o) - £e-<^B 2 (x T2 ,£ T2 ) < B 2 (x ,£o), 
J 

which proves (2). 
Since 

e- </,t |6| 2 = l£o| 2 + [ t e-' t '*[2(t s ,b) + \\a\\ 2 -c\t t \ 2 ]ds+ f e -1"2^ 8 ,a)dw 8 , 
Jo Jo 

by Burkholder-Davis-Gundy inequality, for r n = t 2 A inf{t > : \^t\ > n}, 
we have, 

£ sup e -*%| 2 <|^o| 2 + r e~+* [2|&| ■ \b\ + \\a\\ 2 + c\£ t \ 2 ]dt 

t<T„ JO 

+ l2E( K J T \- 2 ^\{i u a)\ 2 dtf 

<M 2 + NEj^ e-^ t \ 2 dt + E[J Ne- 2 ^\i t \ 4 dt 

r 1 / f Tn 

<NB 2 (x ,Z ) + E supe-a^|e t |- ( / i\T e -*%| 2 dt v 

L t <T„ V JO 



<iVB 2 (x ,£ ) + ^ sup e-^|6| 2 + \e[ 

1 t<T n * 

<iVB 2 (x 0> eo) + issup e-^|et| 2 , 
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which implies that 



Esup e^%| 2 <iVB 2 (x ,£ ). 

t<T n 



So (3) is true by letting n — > oo. 

Now we estimate the moments of the second quasiderivative rjt. Based on 
our definition, we have 

drjt = [a + G]dw t + [b + Hjdt, 

where 

a = a(x, rf) = + fa + aP, 
b = b(x, rf) = b^ + 2fb — arc, 

G = G{x, f ) = a {m) + 2ra m - r 2 a + (2a (?) + 2ra + aP)P, 
H = H(x,0 = b m) + 4rb {0 - 2(<r (€) + ra - aP)ir. 

From the expressions above, we have the estimates 
||G|| < iV|e| 2 , \H\<N\C\ 2 . 

Hence Ito's formula implies 

d(e" 20 %| 2 ) =e- 2 ^[2{i lu b+H)+\\d+G\\ 2 -2c\r lt \ 2 } dt+2e~ 2< l ,t (r] t , a+G)dw k . 
Notice that 

2(r],b + H) + \\a + G\\ 2 -2c\r]\ 2 
=2(77, b) + \\a\\ 2 - 2c\7]\ 2 + 2(r?, H) + \H \ 2 + 2(a k , G k ) 
<(c-l)\r ] \ 2 -2c\ V \ 2 + \ V \ 2 + N\tf 
<-\ v \ 2 + N\tf. 
So for any bounded stopping time 7 with respect to {.Ft}, we have 

Ee- 2 ^^ 2 + E j e~ 2(t>t \i]t\ 2 dt<E P Ne~ 2 ^\£t\ 4 dt. 
Jo Jo 

Recall that r]Q = 0. By Theorem III. 6. 8 in |10j . we have 
E sup e - ** \r) t \ <SE( f 2 Ne~ 2(t,t \Ct\ 4 dtY 



t<T 2 X J0 



<^[supe~5**|^t| • ( [ * QNe-^l^dt) 2 

L t<T 2 ^ Jo ' 

<^supe-^|ei| 2 + \e r We-^^dt 
2 t<r 2 2 J 

<iVB 2 (xo,6)), 

E {£ e ~ 2(k \^\ 2dt Y <ZE(£ Ne- 2 ^\t t \ A dty <JVB 2 (x ,£o), 
which implies that (4) and (5) are true. 
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2:-! 



Finally, rewritting c — 1 by (c — \ ) — \ and repeating the argument above, 



we conclude that (6) is true. 

Now we are ready to prove the theorem. 

Proof of A3.3\) . Denote t d \(x) and td 2 ( x ) by r-f and T2, respectively. 
From (|1.2p we immediately have 



(3.14) 



Mo, 



D < \g\o,D + \f\o, D E / e~ l dt < \g\ojj + |/| 0jD . 



When xq G D^, by Theorem 12.21 we have 

"(60 ( x o) = X = EX T s. 

So from (USD and <|Q3|) . 

|u Ko) (x )| <^|^ Tf) (x rf ) + + ^ +1 )u(x rf ) 

+ \f\ 1>D E J 1 e- s (|6| + 2r s + \f s \ + 
<E 



ds 



Hi 4 )^r() + \\9Wd + \fWo ) [E\e T s\ + m a T s 



-d+l 



+ \f\i,D[E I \S„\ +2r s ds + E sup \$\+E sup 

t<T? 







t<rf 



By Lemma 



Davis inequality and Holder inequality, 

l«( € )(x)| 



^l«« T i)Kf)l < SU P 75 7 c n ■ E \/ B l( x ,{>€Ti 

1 xedD* VBi(x,£) V 1 1 

|wccl(x)| . 

VBi(a;o,6), 



< sup 



t<rf 



- a „/,2 



^2 



^ < iVVBTKCo), 



^ssupie^ 1 ! <^ / 161 + 



t<T? 



r/.s 



161 + 



r/.s 



1 



I6| 2 + 



(6) 



r/.s 



<A/VBi(a;o,£o), 



□ 
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E I \Q + 2r s ds <NE 



o 



r i6 

J 



Collecting all estimates above, we conclude that 

|u (?) 0)| 

oup -. 

^ ^. \ . / 

X 



Kaofco)! < sup 



• VBi(x ,eo) + iV(blo,D + |/|i,d)v / Bi(x ^o). 



So for any x G Co G M d \ {0}, we have 



(3.15) 



««b)(*o)i < sup M| +JVi) 



\/Bi(a;o,Co) x&dD x 5 ^/B^x,^) 
with 

(3.16) iVi = N(\g\ hD + 

Similarly, when xq G -£>a 2 i d Y Theorem 12. 2( we have 

u fo)( x o) = x o = EX T2 . 
Again, from (J2THD and flgHD , 

|« (&) (x )| <^e-^ n (?T2) (x T2 ) + (^+^H^ 



+ l/|l,D^ 



|6|+2r s + |e s °| + IC +1 |j^ 
( 5r2 )(^ 2 ) + (Mo,d + |/|o,d) (Be-**»|&| +^e-^|^ +1 



+ |/|i,d(£ / e-*'(|6| + 2r s )ds + 4Ssupe-t^|^ +1 | +2^sup e~3^|^| 
By Lemma 13.41 Davis inequality and Holder inequality, 

1, \U(<:\(x)\ 

Ee-2^\u ( , )(x T2 )| < sup 



EJe-^B 2 (x T2 ,£ T2 ) 



Ee'^lQl <£sup e _ ^ s |£°| =E sup 



< sup 'j§== -V^v^o), 



5<T2 



s<r 2 



o 



<3£ 



~2 



<iV^B 2 (x ,eo), 

/*T"2 

£e-^2|£d+i| < J Bsupe-f^|^ a!+1 | <iV£ / e - f*'|&|ds 

t<T 2 JO 
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<N\E J 2 e-^|^ s | 2 dsV 

E r e~^(\C s \ + 2r s )d S <NE P e"*' %\ds < N^/B 2 (x , 
Jo Jo 

Collecting all estimates above, we conclude that 

|tt( & )(x )|< sup 1^(0 (^)l , ^/BaCxo, Co) +N(\g\ 0>D + \f\ ljD ) y/B 2 {x , Co). 

xddD x 2 VB 2 (X,C) 

So for any x G £> A 2, {0}, we have 

(3.17) '^ (X0)I < sup + iVi, 

v / B 2 (x ,Co) xedD x2 VB 2 (x,C) 

with iVi defined by (13~TB1) . 
Notice that 

f >^(1 + ^)|£| 2 > A^l 2 on{^ = A} 

Si (a; £) < tb 2 

\ < A(2 + A)|e| 2 + ^i(2A 2 )l^<KA|e| 2 on{^ = A 2 }. 

Recall that X doesn't depend on A. So for sufficiently small A, we have 

Bi{x,0 > 4B 2 (x,0 when V = A, 4 J B 1 (x,£) < B 2 (x,£) when V = A 2 . 

Then on {x £ D : VK 2 -) = A}, we have 

l«(£)0»OI <1 Ke)( x )l 



% ( sup 7#4r + iVl) 

1 |«(f)(a:)| , iVi 

<- sup — . H 

4 W=A2} VB!(x,0 2 

1/ Ke)0*OI KflO»OI , M n , 
<-( sup = + sup = + iVi) H 

4 W=A} \/Bi(x,C) {v>=5} VBi(x,^) 2 

1 KoO)l , 1 l«(€)(»)l , 3JVi 

=- sup — . + - sup — . H — , 

4 W=A} y/BTIx^) 4 w=i} yBT(x^) 4 

which implies that 

(3-18) sup < - sup +JVi. 

Meanwhile, on {i G D : -^(x) = A 2 }, we have 
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|«(f)(x)| 1 \U(£)(x)\ 



-9 ( sup m i T\ + sup t#7 ^ +iVl) 

11 \u i0 (x)\ 1 |«(o(«)l . ^i 
<-(- sup , = + iVi) + - sup — H 

2 . Ar 
=- sup = + Ni. 

3 {i p =S y ^Bi(x,0 



Therefore, 



(3-19) sup ^ ; < - sup -^=== + ^1. 

Combining (|3TT5D and ([338)1 . we get, for anyi£D^GR rf \ {0}, 
3.20 ' (4n ; ' < - sup ' un " + 2iVi. 

Combining (|3TT71) and (13TT3)) . we get, for any x G D A 2, £ G M d \ {0}, 

(3.21 L i4n ;| < - sup ' un ;I + 2JVi. 

yfB^X) 3 v^(^l) 

Thus it remains to estimate 



lim sup 

Notice that for each 5, there exist x(6) G {tp = 5} and £(5) G {£ : |£| = 1}, 
such that 

sup = Kg(*))( x ( J ))l 

A subsequence of (x(5),£(5)) converges to some (y,C), such that y G dD 
and |C| = 1. 

If i/j(()(y) 7^ 0, then Bi(x(<5), £(£)) — >• oo as 5 I 0. In this case, 

imTf sup ) = ^ ±mMm =n 

If Tp(()(y) = 0, then £ is tangential to dD at y. In this case, 

w sup K^n =e - 
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From (H2QD, fl55ID and (ET22D . we have 

|n (5) (x)| 



Notice that L> A U D X 2 = D, and 



<N(\f\ hD + \g\ hD ), whenxGD ; 



< + \g\ 1>D ), when s G D A 2. 



\/Bi(x,0 < + ™^), when a: G £ A ; 

1p2 



VB 2 (x,0 < ^(lei + when x G D A 2. 

We conclude that, for any x G -D and £ G 

i«(o(x)i<jv(iei + J^l)(i/| liD + M llD ). 

■02 



The inequality (|3.3p is proved. □ 

The proof of (I3.4p is similar. 

Proo/ o/ ( ggp . When x E D$, by Theorem EES we have 

u (?o)(?o)( x o) = «( fo )( fo) (so) + u {vo) (x ) =Y = EY T s. 
From (23} and (|3~T4jl . 



K&XfiOfco)! <-B|«(c s )« 5 )0*Vf)l + SU P I«(C)( X )I • ^ e ^ ( I ^ I + 2 l§<sll£r* 

+ (1^ + 1/10^)^-^1^1 + 1/12,^ ^ e- s [|£ s | 2 + |r/ s | 
+(4r s + 2|£°|)|£ s | + 2r s + 4|g|r a + |%°|] tfo. 
Recall that in this case, 

e° = g + £ t d+1 , # = 2^t +1 + fe d+1 ) 2 + rt 1 - 
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It follows that 

l M («o)(«o)( x o)| <E\u{£ f)(e + n (\9\o,d + \f\o,D + sup \u { q{x)\ 

t i T i xedD$,\c\=i 

-0 |2 i |td+l|2 i ud+1 



\ 1 1 '1 T x Tj 

K r i 
+N\f\ 2>D E / e~ s |6| 2 + M + \e s \ 2 + |d +1 | 2 + + r 2 s + f s ds 

Jo L J 

< E \ U (H s)(t; s )( X T*)\ + N (\9\o,D + \f\2,D+ sup |u( C )(a:)|J 
T i T i v xeaD^,|ci=i 

£ sup |7? t | + £ sup |6| 2 + £ sup |£ t °| 2 + E sup e"^|^ + T 



Krf t<T x 5 t<rf 

^<5 



+ £ sup i e~5*| r?t d+1 | + E / r 2 +r s ds). 
t<rf JO ' 



By Lemma 13.31 Davis inequality and Holder inequality, 

\U(t\(t\(x)\ 

< sup '^y )V ;' •Bifro.eo), 

£sup |7? t | <iVBi(a;o,6), 

t<rf 



Esup|6r <iVBi(x ,eo), 

t<rf 

£ sup |^T <4£(£°) Tf < NE r < JVBi(x ,&), 

t<r* 1 JO V' 2 



E sup e-|*|6 rf+1 | 2 <iV£;supe-5*f /\ s | + Ifel^ 
t<r« *<rf Wo V / 

<NE sup e-*H / |f s | 2 + -^ds 

t<T? JO V 



2 







<JVBi (*,,,&), 

i V' 2 

E sup e-^l^ 1 ! <iV£ sup e"3* \ %\ 2 + + |rfc|ds 

Krf t<rf JO W 



<NE sup e"5* 



f\a 2 + ^d S +vi(j\vs\ 2 dsf 
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2') 



<N 



E 



tp 



\^ + ^Ldt + E{ I " \ m ] 2 dt 



f 2 



E I ri + f s ds <NE I |£tp + -^dt < JVBi(x 0j &). 
Jo Jo V 

Collecting all estimates above, we conclude that 

\urc\rc\(x)\ 

K?o)(?o)( x o)| < sup - -Bi(g ,6) 

+ ^"(blo,D + |/|2,D + sup |n (c) (2;)|JB 1 (xo,Co)- 



So for any x G Z?£, ^£R d \ {0}, we have 
(3.23) 



"(eox&oteo)! < gup k(p(o(g)l | ^ 



Bi(x ,fo) ajesm Bi(x,£) 



with 
(3.24) 



A^2 = A r (M2,D + |/| 2 ,D + SUp 

*ear>MCI=i 



it 



(C)( x )l 



When G -Da 2 ) by Theorem 12.21 we have 

n (5o)(?o)( x o) = U( fo )( fo )(x ) + u M (x ) = Y = EY T2 . 
Again, from fl^U) and (gUJ) , 

!«(&)(&) (^0)1 <Ee-***\u$ r 2 )«. 2 )(^)l + SU P Kc)0)| • ^ e "^ T2 (V 2 | + 2||? 2 ||£ T2 |) 
+ f |5|o,d + \f\ ,D)Ee-^\fj° T \ + |/| 2>JJ 2S r e"^ [|6| 2 + |r/ s | 



+(4r s + 2|^|)|6| + 2r s + 4|£°|r s + |r/°| 
Recall that in this case, 

£ = + # = itf + 2e?^ +1 + (ef +1 ) 2 + 

Also, notice that by (|3.3I) 

'|l,D~ 



sup 

xedD x2 ,\c\- 



\u (0 (x)\ <N(l + - 



A 2 



\fh,D + \9\i, D )<N[\f\ hD + \g\ hD 



Therefore, 

!«(&)(&) ( x o)| <^ e ~^ 2 Kc r2 )(^ 2 )(^r 2 )| + N(\g\ ljD + 

• ^ 2 (\ Vt2 \ + ie T2 i 2 + \gf + 10 2 + + \< 

+N\f\ 2>D E r e-** k s \ 2 + \rj s \ + |£°| 2 + |^ +1 | 2 + + \r,° s \ + r 2 + r s 



r/.s 
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<Ee-^\u { ^ T2) {x T2 )\ + N(\g\ 1>D + |/| 2>D ) 

E sup e" t ' t+ ^ t \r]t\ + E sup e-^ + 5%| 2 + E sup 

t<T2 t<T2 t<T2 

+ E sup e -^+l*|^+i|2 + E gup g-^+lt^d+li 

t<T2 t<T2 

+ Esupe-' t ' t+ ^ t \r)?\ + E I " (r 2 + 

t<T 2 JO 

By Lemma 13.41 Davis inequality and Holder inequality, 

^ T2 I^ 2 )(^ 2 )(^ 2 )I^ SU P r f .7 ■ Ee-^B 2 {x T2 ,i T2 ) 
2 2 xgOD X 2 B 2(x,e,) 

\U(i:\(/:)(x)\ 

< sup '^f/ •Baxp.fo), 
Esupe-^M <iVB 2 (x ,£o), 

t<T 2 

Esupe-^+^l^l 2 <JVB 2 (x 0> 6), 

t<r 2 

/•t 

£supe~^ + 5%°| 2 =£sup / e~^ t+ ^ir s dw, 

t<T 2 t<T 2 JO 

<4E [ * e-^Hirtfdt 



Jo 

<NE r e-^%\ 2 dt 
Jo 



<NB 2 (x ,to), 
Ssupe- 0t+ 3*|^ +1 | 2 <NE sup e-^+^ f [ \£ s \ds) 

t<T 2 t<T2 \J0 J 



<NE sup e"* / e-2^+4 s |^|ds 

i<r 2 V Jo 

<NE sup e - ** • t / e-* s+ 5%| 2 ds 

i<r 2 Jo 

<NE [ 2 e'^+^l^ds 







<iVB 2 (xo,£o), 
Esnpe-^ t+1 i t \4 +1 \<NEs\ipe~ 4>t+l * t \ |£ s | 2 + \r) s \ds 

t<T 2 t<T 2 Jo 

<NE [ 2 e~^ s+ ^ s \^ s \ 2 ds + NE sup e~s* 

JO t<T 2 J 
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<NB 2 (x ,£o) + NE sup ■ y/t( [ e - 2 ^ +s \7 ls \ 2 ds) 

t<T 2 \Jo J 

1 

<iVB 2 (xo,£o) + NE^J\- 2 ^ +s \ Vs \ 2 d S 
<NB 2 {x ,Zo), 



2 



E sup e~ 4>t+ ^ t \rf ) t \ <£sup 



t<T 2 t<T 2 
+ 



<5E jH e-^ +l 2 s \Tr s \ 2 ds + 3£?( jH e- 2 ^ +i |vr s | 2 ) *ds 

E r e-^(r 2 s +f s )ds<NE P (|6| 2 + \v,\)ds 
Jo Jo 

<JVB 2 (x ,&) + N (J^ e ~ Sds ) 2 {£ e- 2 ^ +s |r/ s | 2 d^ " 

<iVB 2 (xo,eo)- 
Collecting all estimates above, we conclude that 

K & )( &) 0ro)| < sup ^MlMI .B 2 (x ,Z ) + N(\g\ 1>D + \f\ 2>D )B 2 (x ,Zo). 

x£dD x 2 a 2\ x ->£,) 

So for any x G -Da 2 ) S M d \ {0}, we have 

(M5) KmmWI sup hsiiM^, 

B 2 (^o,Co) x 6 ai) A 2 B 2{x,0 

with iV 2 defined by (E01|) . 

Then on {1 £ 5 : VK X ) = A}, we have 

Koco( x )l < iKo«)( a; )l 



/ e -^+lv s l 2 ds 



n 

CT, 



<NB 2 (x ,£ ), 

"T2 I-T2 



Bi(x,0 "4 B 2 (x,0 



<t( sup '^fV +iV 2 ) 

1 l u (0(0( x )l , ^2 
< — sup — ^7-^ — - — I 

16 W=A 2 } Bi[x,£) 4 

1 , \u (m) {x)\ \u (m) (x)\ N 2 

-77^ sup p 9 c\ + sup p V c \ + ^2 + -r- 

1 |u( C)(C )(x)| 1 |« (€ ) (€ )(a;)| 5iV 2 

= — sup — — 1 sup — — 1 , 

16 {V , =A} Bi(x,0 15^=5} Bi[x,E,) 16 
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which implies that 

(3.26) sup J^ffiWI < 1 sup + * 

{</>=A} Bi(x,f) 15 { . 0=5} Bi(x,C) 3 

Meanwhile, on {x £ D : ij)(x) = A 2 }, we have 



B 2 (x,0 "4 Bi(x,0 



<irJ_ su J^lliilM + ^1) + I 1^(0(0^)1 N * 

-4 l 15 4=5} Bi(x,0 3 j 4 { JS } Bi(s,e) 4 

4 Ko(o( x )l , ^2 

15 {v , =<5 } Bi(x,^) 3 



Therefore, 



(3.27) sup ') -r < — sup ; ; + — . 

{</>=A2} B 2 (x,£) 15 w=(5 } Bi(x,0 3 

Combining (pT23l) and (1336]) . we get, for any x G , £ £ R rf \ {0}, 

(3.28) ^# < ^ sup ( f + ^. 
V ' Bi(x,0 " 15^4 Bx^.O 3 

Combining (pT25D and (13371) . we get, for any x £ D X 2, £ £R d \ {0}, 

,o 9CA KojoMj . 1 ailT1 1^(0(0^)1 , 

{ ] B 2 (x,0 - 15 S B i(^0 3 ' 

Thus it remains to estimate 

/ \uic\ic-){x)\ \ 

lim sup — —7-^ — :— and lim sup \u(f\(x)\. 
8io\ {i , =s} Bi(x,0 / 5+o xeaD x M=1 lu 

First, notice that 
lim sup |ti((-)(x)| < sup |u^)(x)| + sup |u^)(x)| 

xedD^\(\=l xedD,\Q=l S6{^=A},|C|=1 

< SUp \um(x)\ + SUp \u( n ){x)\ 

xedD,\l\=l,l\\8D x€dD,\n\=l,n±dD 

+ sup W(q{x)\, 

Apply Lemma 13.21 and first derivative estimate (|3.3|) . we get 

lim sup \u { q(x)\< sup \gm(x)\ + N(\g\ 2)D + \f\o,D) 

6 +° xedD^\C\=l x£dD,\l\=l,l\\dD 
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+ A r( 1 + %W D + | /M 



A 

<N(\g\ 2 , D + \f\i, D ). 

Second, notice that for each 5, there exist x{5) G = 5} and £(<5) G {£ : 
|£| = 1}, such that 

{ ^ = P S} B 1 (x,0 B 1 (x(5),C(5)) 

A subsequence of (x(5),£(5)) converges to some (y,C), such that y G <9D 
and |C| = 1. 

If ip(£)(y) 7^ 0, then Bi(a;(<5), £(£)) — >• oo as 5 I 0. In this case, 

iim-( sup 'yffh =k. |u ««)«wj (!b(5))i 



^oV w , =(5} Bi(s,f) / 8io Bi(x(5),f(<f)) 
If iftrrt(y) = 0, then £ is tangential to <9D at y. In this case, 

w sup KocoO^K =ES l«(e(«))«w)( a; ( <5 ))l _ l5(o(o(y)l +^l«(n)(i/)l 



Sio\ {i , =s} Bi(x,0 / <540 Bi(x(<J),f(<5)) A 
By Lemma (|3.2|) . we have 

b(0(o(y)l +^k(n)(y)l 



A 

Therefore, we have 



< iV(b| 2 ,B + \f\o,n). 



1^(0(0(^)1 , 



Bi(x,0 
l n (0(0( x )l 



It follows that, for any x £ D and £ G 



< N(\f\ 2>D + \g\2,D), when x G D A ; 

< ^(|/|2,D + \g\2,D), when x G D X 2. 



\u {m (x)\<N(\tf + ^)(\f\ 2 , D + \g\ 2 , D ). 



□ 



The inequality (|3.4p is proved 



Proof of the existence and uniqueness of A3.5\) . The fact that it given by (jl.2 
satisfies (|3.5p follows from Theorem 1.3 in [5]. 

To proof the uniqueness, assume that Ui,u 2 G C^ C (D) n C 0,1 (Z)) are 
solutions of (|3.5p . Let A = |«i|o,z) V |?i2|o,D- For constants 5 and e satisfying 
< S < e < 1, define 

*(s, *) = e(l + ^{x))Ae~ 6t , U(x, t) = u{x)e~ et in D x (0, oo), 

F[U] = U t + LU - cU + / in D x (0,oo). 
Notice that a.e. in D, we have 

F[Ui - = -ee- £ *ni + 5* - eke~ St L^ + > eA(e" 5 * - e" £< ) > 0, 
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F[U 2 + *] = ee- £t u 2 -5^ + eAe~ dt L^ - c* < eA(e~ et - e~ dt ) < 0. 
On dD x (0, oo), we have 

Ui - U 2 - 2* = -2tf < 0. 

On D x T, where T = 
U 1 -U 2 -2V = (ui - 
Applying Theorem 

Ui - U 2 - 2f < a.e. in D x (0,T). 

It follows that 

u\ — u 2 < 2e(l + ip)Ae — >■ 0, as e — > 0, a.e. in D. 
Similarly, u 2 — u\ < a.e. in D. The uniqueness is proved. 

□ 

Remark 3.4. Based on our proof, if we replace o~(x), b(x), c(x), f(x) and 
g(x) in \1.3\) and hl.S\) by a(u, t, x), b(u, t, x), c(u, t, x), f(ui, t, x) and g(u), t, x), 
defined on Q x [0, oo) x D, under appropriate measurable assumptions, the 
first and second derivative estimates \3. 3\) and \3.J^ are still true. 
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